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Number and Placement of Control System Components
Considering Possible Failures

Wallace E. Vander Velde* and Craig R. Carignant
Massachusetts Institute of Technology, Cambridge, Massachusetts

One of the first questions facing the designer of the control system for a large space structure is how many
components—actuators and sensors—to specify and where to place them on the structure. This paper presents a
methodology which is intended to assist the designer in making these choices. A measure of controllability is
defined which is a quantitative indication of how well the system can be controlled with a given set of actuators.
Similarly, a measure of observability is defined which is a quantitative indication of how well the system can be
observed with a given set of sensors. Then the effect of component unreliability is introduced by computing the
average expected degree of controllability (observability) over the operating lifetime of the system accounting for
the likelihood of various combinations of component failures. The problem of component location is resolved by
optimizing this performance measure over the admissible set of locations. The variation of this optimized
performance measure with number of actuators (sensors) is helpful in deciding how many components to use.

Introduction

HE aerospace community is anticipating that future large
~assemblies in space will require active control not only
for stationkeeping and attitude control but also for damping
structure vibrations and - figure control. In order that the
control system can damp the many vibrational modes of such
a large structure adequately, and control its figure to a specified
tolerance, many sensors and actuators will be required. The
system designer likely will have considerable freedom of choice
as to the number of these components to specify and where to
place them on the structure.
This paper presents a methodology intended to assist the
designer in this choice in the early stages of system
design—before a control system has been designed in detail.

The usual control system design problem is to decide how the

actuator commands are to be related to the sensor outputs.
But this process presumes a set of sensors and actuators to be
given. We address here a step which must precede this process
—to decide, at least tentatively, how many sensors and actua-
tors to incorporate in the system and where to locate them.
After a proposed control system has been designed, it must, of
course, be evaluated in careful detail to see if it will meet the
mission requirements. That evaluation may shed additional
light on the adequacy of the set of components incorporated
in the design. ~

One factor which must be accounted for, both in the early
assessment of component number and location and in the
later evaluation of a specific system configuration, is the
likelihood of some failures among the sensors and actuators.
With the large number of components involved and the long
interval desired between visits for maintenance and resupply,
it- would be totally unrealistic to design the control system
under the assumption that all comporents will function prop-
erly over that interval. For example, in a control system that
utilizes a total of 400 sensors and actuators—each with an
exponential distribution of time to failure with a mean time to
failure of 100,000 h (optimistic by’ today’s standards) about
one failure every 10 days will occur on average.
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In this work a methodology for measuring the performance
of a system which reflects the type, number, and placement of
the sensors and actuators on the structure is developed. The
measure also reflects the expected loss of performance due to
component failures. This performance measure is intended to
be especially useful as a guide to the choice of component
number and placement in the earliest phase of system design.

Problem Deﬁniﬁon

Modern control theory does not provide a quantitative
measure of “controliability” or “observability.” Controllabil-
ity is simply a binary concept—either a system is controllable
or it is not. A vibratory mode of a beam, for example, is not
controllable by a force actuator placed exactly at one of the
nodes, but it is controllable by an actuator placed just off the
node. What we require is a quantitative indication of how well
a system can be controlled by a given set of actuators—a
fundamental measure which does not depend on the design of
a control system. Similarly, a quantitative measure of how well
a system can be observed by a given set of sensors is needed.

Previous Work

A number of writers have dealt with the subject of control-
lability and observability, three of which are somewhat related
to our approach. Examples of work on this subject which are
distinctly different include Homner,! who has considered opti-
mum actuator placement but does it for the specific case of
passive damping of a free-free beam, and Hughes and Skelton,”
who define measures in terms of controllablhty and observa-
bility “norms” which apply to the individual modes of a
system rather than to the system as a whole.

Juang and Rodriguez® formulate the linear quadratic regu-
lator problem with an infinite time horizon. The solution
defines the optimal. cost as an explicit function of the initial
state, and indirectly as a function of the number and location
of the actuators and sensors. The expectation is taken over a
defined distribution of initial conditions, producing the ex-
pected cost as a function of the actuator and sensor set only.
While this approach has some appeal, our main objections to

~ the ‘method are: first, if there is a particular direction in the

state space in. which the state is not very observable or
controllable, this fact is largely lost when the cost is averaged
over the distribution of initial states, and, second, expected
cost depends on both the actuator set and the sensor set,
whereas it may be more useful to have separate measures of
observability and controllability.
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" Viswanathan et al.* developed a more sophisticated tech-

nique to be used in the case of bounded control effort. They -

define a “recovery region” to be the region of initial states
which can be returned to the origin in a fixed time with
bounds on the control variables. The measure of controllabil-
ity is the minimum distance from the origin to the boundary
of this region. Calculation of the boundary of the recovery
region is a difficult problem which requires, in most cases, the

calculation of many quadratures. The overriding objection to.

this method is the complication involved in the multiple
control case. Another objection is that Viswanathan chooses
to bound control magnitude and does not attempt to perform
any. sort of minimization with respect to quantity of control
used, citing bounded control magnitude as the more realistic
situation. It is usually the case, however, that quantity of
control (e.g., fuel in thruster, stored angular momentum in
control moment gyro, CMG) is the primary consideration, not
saturation of the controller. In later writings, these authors
suggest a variety of alternatives to this definition of the
recovery region including one based on minimum enefgy
control which is the approach selected in this paper.

The idea of a “figure of merit” for controllability based on
minimum energy control had previously been introduced by
Kalman et al.> We will also use minimum energy control
because of ‘its convenient calculation, but add to what has
appeared in the literature a transformation of the result (steps
3 and 4 of the following section) which we believe is essential
to the practical interpretation of the controllability measure.

Dynamic Measure of Controllability
'"The measure of controllability formulated here utilizes some
of the characteristics of these methods. It results from a
four-step procedure:
1) Find the minimum control energy strategy for driving the
system from a given initial state to the origin in the prescribed
time. [“Control energy” is defined as

_1y T s
E—ZfouRudt

where R is a positive definite weighting matrix.]
2) Find the region of initial states which can be driven to

the origin with constrained control energy and time using the
optimal control strategy. This region is bounded by an el-.

lipsoidal surface in state space.

3) Scale the axes so that a unit displacement in every
direction is equally important to control.

4) The degree of controllability is a linear measure of the
weighted “volume” of the ellipsoid in this equicontrol space.

Step 1: Step 1 can be stated mathematically as follows:

1T g
minE = 2‘/0 u'Rudt
subject to
X=Ax+Bu, x(0)=x,,

The Hamiltonian for this problem is

x(T)y=0 (1)

H=4%u"Ru+p"(Ax + Bu)
so that

p=-4p  p(0), p(T) free (2)
u*(t)= —R~'BTp(1) 3)

" where u*(t) is the optimal control. It is possible to solve

explicitly for p(z) and u*(t), but the above relations are the
only results we will require.

Step 2: In order to carry out step 2 of the procedure, we will
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" require an expression for the optimum cost

. T
E*= f w*TRu* dt
0

as a function of the initial state. To this end, we seek a
relation of the form

x="Vp (4)

since p is a function of the initial state. Differentiating Eq.
(4), substituting Egs. (1-3), and noting that the resulting
equation set equal to zero must hold for arbitrary p, we find
that

V=AV+ VA" - BR™'B" , (5)
with the bouhdary condition
V(T)=0 (6)

to satisfy the requirement that x(7") = 0 since in general p(T)
is not zero. We choose this boundary. condition for ¥ as a
matter of convenience; any other terminal value which satisfies
the requirement ¥(T') p(T') = 0. would produce the same result
for the control energy. The reason for not using the usual

relation p= Wx is that in order for p(T) not to be zero,

- W(t) would have to be poorly defined at =T

Corresponding to the usual cost expression

J=§x(o)fW(0)x(0)

we expect the energy cost to have the inverse form

E=4x(0)"v(0)"x(0) (7)

The validity of this expression can. be verified by generalizing
the ‘initial time to- 7, and differentiating E- with respect to it.

Equation (7), with a fixed value of E, defines an n-dimen-
sional elhpsonial surface in initial state space. Any point
within the elhpsmd can be returned to the origin in time T
with energy E using the optimal control in Eq. (3). Although
the enezrgy expression (7) is simpler than that appearmg in Eq.
(1), the differential equation for ¥ in Eq. (5) remains to be
solved. An-analytic solution applicable to the dynamics of
flexible space structures is given in Ref. 6.

Step 3:is to scale the axes so that a unit displacement in
every direction is equally important. “Importance” in this
context should not be related to the accuracy with which a
variable is ultimately controlled, but rather to the size of the
controlled ‘excursion one would like to be able to achieve.
Scaling should make a more important variable smaller in the
scaled space so as to emphasize the need to improve the
control over that variable.

To this end, let x;  be the minimum state excursion one
would like to be able to return to the origin in a given time
using a prescribed control energy. Then define the transforma-
tion

z=Dx

where

D= ®)
1

[x

il

so that unit values of z in any direction represent controllable
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displacements of equal importance. If controlling a given state
is deemed less important (which is useful to recognize since it
requires less control capability), the corresponding state in- z
space is made larger.

Consider a two-dimensional case in which it is as important :

to control an initial displacement in the x; direction twice as
large as one in the x, direction. In this case, the ellipsoid
defined by Eq. (7) is an ellipse in x space. Let the ellipse have
the shape illustrated in Fig. 1a. This represents the ideal
allocation of control since we are able to control a maximum

" displacement in the x, direction exactly twice as large as one
in the x, direction. Figure 1b illustrates that the ellipse
becomes a circle when transformed to equicontrol space via
Eq. (8).

Step 4 is to measure the controllability répresented by the
ellipsoid in equicontrol space (z space). From the preceding
discussion we see that any deviation from a circle in equicon-
trol space represents a less than ideal control allocation.

After considering a number of alternatives, the degree of
controllability was chosen to be the following:

bCVI=.[I@+%(VE— VS)]W )

where Vy is the n-dimensional volume of the ellipsoid in
equicontrol space and ¥ is the volume of the largest inscribed
sphere; nis the dimension of the state space. The first term on
the right-hand side of Eq. (9) is the predominant term in the
controllability measure; it reflects the smallest magnitude of
initial state in equicontrol space which can be driven to the
origin in the specified time using the specified control energy.
If the controls were ideally allocated, the initial condition
surface would be a sphere and -V would be the controllability
measure. The second term in Eq. (9) adds a smaller amount to
degree of controllability (DC) to recognize the larger region of
state space from which the system can recover if the surface is
not spherical. The additional volume, ¥ — V5, is scaled by
Vs/ Vi so that the most this term can add, as ¥z — o0, is V5.
The nth root of the weighted volume is taken as the controlla-

bility measure to make it proportional to the linear dimen- -

sions of the region from which the system can recover. The
volume weighting scheme for a two-dimensional case (volumes
are areas) is depicted in Figs. 2a-c.

Zz

4

(a) (b)

Fig. 1 Ideal control allocation in state space and transformed equicon-
trol space.

(a) (b) (e)

Fig. 2 Control weighting scheme for computing degree of controllabil-
ity, a) ideal control distribution, b) slightly distorted distribution, ¢} very
distorted distribution. Shading indicates relative weighting.
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What remains to be shown are the mechanics of computing
the n-dimensional volumes V5 and V. The volume enclosed
by the quadratic surface x"4x =d, with A positive definite
and symmetric, is proportional to the product of the recipro-
cals of the square roots of the eigenvalues of 4. Since volume
has little intuitive significance in spaces of higher dimension
than 3, we take the “volume” to be simply

V= (l:ﬁl‘/x_)—l (10)

To apply this result to the case at hand, first substitute Eq.
(8) into Eq. (7) to obtain the equation of the ellipsoidal
surface in equicontrol space ‘

CE=42(pV,D) 'z, (11)

Vg is then given by Eq. (10) where A; are the eigenvalues of
(DV,D)~!. More conveniently, if the »; denote the eigenval-
ues of DV, D, the ellipsoidal volume is also given by ‘

Ve= lljl Vv (12)

and the spherical volume is the shortest distance to the surface,
1/ /A ax » to the nth power, or alternatively,

Vo= (Vam)" (13)

The degree of controllability then can be computed using Eqs.
(9), (12), and (13) and actually becomes zero when the system
is uncontrollable; the elipsoid collapses to zero in the uncon-
trollable direction so that v, is zero.

One further consideration is important in defining the de-
gree of controllability of a system—how the measure varies
with number of actuators. The degree .of controllability has
been defined in terms of a constraint on control energy with
no reference to a constraint on control magnitude. But it
seems appropriate to recognize the fact that a system with
more actuators has greater control capability when there is a
limit on control magnitude—as is always the case. The mea-
sure of controllability as defined above can be made to vary
directly with the number of actuators, if they have equal
effectiveness, by scaling the elements of R inversely with
m—the number of actuators in the system. Usually R is taken
diagonal, and if the diagonal elements R, are first chosen to
reflect the relative cost of using the different actvators, then
the final elements of R are defined to be

R;;=Ro,/m (19

where m is the total number of actuators.

Dynamic Measure of Observability

Any measure of the observability of a dynamic system
should reflect the amount of information which can be derived
about the system states from the sensor outputs in a given
amount of time as directly as possible. The means of obtaining
this information is by associating with the system an observer
whose states, %, are estimates of the true states of the system.
The more information that is obtained about the system, the
smaller the estimation error becomes.

In the parallel problem of indicating the controllability of a
system with a given set of actuators it is not obvious how the
control should be used so as to realize the best possible
control of the system. What is “best” might be defined in a

‘number of reasonable ways. But in this case, if we use a

linearized description of the system dynamics, then the best
way to process the sensor data so as to minimize estimation
error is obvious. The linear estimator which minimizes the
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state estimation error vector, e=X —x, in a mcan-square
sense, i.€., minimizes

S =e"Me (15)

where M is some weighting matrix, is the Kalman filter.
With the state dynamies given in Eq. (1) and the measure-
ment relation written as

y=Cx+v (16)

the estimation error covariance matrix with Kalman filtering
obeys the equation :

P=AP+PAT— PC'NICP+Q 17)

where P is the estimation error covariance matrix, and N and
Q are the measurement and driving noise intensity matrices;
respectively. But the estimationi error, or its covariance matrix,
is an inverse indication of the amount of information one has
about the state. We wish the measure of observability to be a
direct indicator of information, so to that end we introduce
the information matrix—the inverse of the error covariance
matrix.

J= p-! (18)

One other consideration is that the observability measure
should be a property of the system and a set of sensors—noth-
ing else. Since the measurement noise is a property of the set
of sensors being evaluated, we retain its inclusion in Eq. (17)
in the form of N but do not include the effect of state driving
noise, because that is an external influence not related to the
sensor set. Thus, if we set Q =0, then Eq. (17) in terms of J
becomes

= =Jd — AT + CTN"IC (19)

Take as the standard situation the case in which there is no
information about the state initially and data is collected up
to a specified time¢ 7. Then J(0)=0 and one is interested in
J(T). ;

Having the information matrix at time T, we need some
scalar measur¢ of how large the matrix is as an indication of
how much information has been generated by optimal process-
ing of the sensor data. One way of measuring the size of J(T')
is by reference to the quadratic surface

VT lv=1 (20)

Equation (20) defines an ellipsoidal surface in v space. The
larger J is the larger the volume encompassed by the surface
in Eq. (20), so that the volume is related directly to the
“amount of information obtained about the system.

Typically, however, some components of x will be of greater
concern than others, especially considering that different units
of measurement will apply to different components, Regard-
less of how one were to approach the definition of a measure
of observability, it is clear that a scaling of the state variables
to reflect their relative importance to the success of the mis-
sion would be required. To that end, define the transformation

w=Fu
|91,w|

) F = . . (21)
1€t

yvhere €., are the maximum errors one is willing to tolerate

n the' directions x;. The more error one is willing to tolerate

in a given direction, the greater the transformed state becomes
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in that direction. Thus the scaling is consistent with the ideas
presented in the last section. Also note that v has units of
reciprocal error, so w is dimensionless as was z in the control
case.

Now that the axes have beén scaled so that it is equally
important to obtain information in each direction, one can usé
the same definition for the degree of observability as was used -
for controllability when applied to equicontrol space. Again,
the ideal sensor distribution would produce a sphére in w
space, so that the degree of observability (DO) involves a
spherical volume plus a lesser weighted excess volume due to
the nonideality of the distribution. Specifically,

DO=

V- 1/n

bt (=) @)
E

with

vem T %= (o)’

and the »; are the eigenvalues of FJ/(T)F”.

The remaining problem is to solve the differential equation
(19) for J so as to write out explicitly J(T'). This equation and
its boundary condition are similar to those for ¥V, Egs. (5) and
(6), required in the calculation of the degree of controllability.
Define a backward time variable, 7= T ¢, so that dJ/dr=
—dJ/dz. Then in terms of 7, Eq. (19) becomes

J=JA+A4T-C'N"Ic, J(T)=0 (23)
This is the same as the equation and boundary condition for V'
with tHe following substitutions. ¥ equation: 4, B, R; J equa-
tion: 47, C”, N. So if a subroutine is prepared to produce ¥(0)
given A, B, and R, that same subroutine can be used to -
produce J(T') by use of the substitutions indicated.

It can be seen from the relations above that ¥ and J are
formally related as duals. However, it is felt that the physical
interpretations of these definitions of controllability and ob-
servability would be lost if one were to define just one and

then simply appeal to duality to obtain the other.

Recognition of Component Failures

Because of the realistic possibility of components failing
during the operating lifetime of the system, one would like the
degree of controllability (and observability) to be averaged in
some way over the set of component failure combinations
which the system may experience. To this end, let f bé¢ an
indicator of the state of failures of the components, and let the
vector I represent their locations. Then, for a given set of
operating actuators, one can compute the degree of controlla-
bility, DC(Z, f), using the method described previously.

The component locations indicated by I are deterministic;
they will be adjusted subsequenily to optimize the degree of
controllability. But f is a random variable with a time-depen-
dent probability distribution. Thus DC(/, f) is also a random
variable with a time-dependent probability .distribution de-
fined by the distribution of f. To define a meaningful de-
terministic performance measure, one would logically us¢ the
expected value of DC(!; f) with the expectation taken over the
distribution of f, the failure state for the system components.
This yields a performance measure which depends en time, .
It represents a measure of the expected performance of the
system at time ¢ in view of the probabilities of the various
failure states at that time. '

But this control system is required to operate over-a certain

‘period T,, which might represent the time between mainte-

nance visits. Rather than optimize the degree of controllability
at any one time, such as the end of that period, it would secem
more meaningful to optimize the average degree of controlla-
bility over the whole period. In this average, the performance
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resulting from failure states which are likely over longer
periods would be weighted more heavily than those likely to
exist over shorter periods. And a probability weighted mea-
sure of performance over the whole operating period is ob-
tained rather than just a measure of performance at one time.

The average of the expected degree of controllability over
the mission period T,, is taken as the final measure.

DC,e (1) =Tim [oe.ar (24)

But the expected DC is simply a. we1ghted sum over the
different failure states,

DC(L, 1) = £ DC(L ) B(1) (25)

where P;(t) is the probability of failure state f; at time ¢. The
final measure can be expressed as

D () =EDC(L )7 [“P(0dr (26)

and depends on 7, and the component failure statistics as
well as the locations. The modified degree of observability is
computed in the same way. A general expression for the
average of P;(¢) as required in this relation is given in Ref. 7
for the usual assumption of independent failures and exponen-
tial distribution of time to failure.

Optimum Component Placement

Having a computable measure of how well the structure can
be controlled (observed) with any given set of actuators
(sensors), with the expected effect of component failures
throughout the mission reflected in the measure, one can then
seek to optimize the choice of component locations, for a
given number, so as to maximize the performance measure.
This task may be computationally burdensome when dealing
with a large number of components, but it is conceptually
straightforward.

A constraint which will likely apply in most applications is
that component placement will be restricted to a discrete set
of permissible locations. Structural considerations, for exam-
ple, may require that control moment gyros be mounted only

.at the joints of a truss structure. If this is true for all of the

components, then the placement optimization problem is in
the nature of an integer programming problem. Many algo-
rithms have been described in the literature for solving integer
programming problems; nothing has been added to that art.in
this work. The examples which follow are intended only to
illustrate the nature of this step. They were restricted to a
small number of components and optimization was accom-
plished by global search—by testing all admissible combina-
tions of component locations.

Choice of Component Number

‘Having the optimum set of component locations and the
corresponding maximum degree of controllability (observabil-
ity) for a given number of components, one can compute this
maximum performance measure for several choices of compo-
nent number. The choice of how many actuators and sensors
to use in the system cannot be resolved as an optimization
problem unless additional factors are incorporated in the
criterion. The degree of controllability or observability will
always improve with additional components if the best loca-
tions are used in each case.

However, it should be informative to observe the trend of
the performance measure with number of components. Some
locations are more advantageous than others, such as the
placement of torque actuators near the nodes of important
modes. With the realistic restriction that only one component

CONTROL COMPONENT PLACEMENT WITH POSSIBLE FAILURES 707

can be placed at any one of the allowable locations, one
should expect to see diminishing returns in performance with
increasing number as the more favorable locations are
occupied. This information should be helpful to the designer
in making the tradeoff between improved performance and
increased cost, power required, etc.

Application to Beam

To illustrate the methodology defined above, actuator and
sensor placement and number were considered for the case of
a free—free beam. The beam was modeled as in Ref. 6 with the
states representing the modal amplitudes and rates of the first
three flex modes; force actuators were used for control (con-
trol period was 10 s). In all trials the amplitude rate states
were scaled by the factor 1 /w; relative to the amplitude states
where. w; is the corresponding modal frequency. The actuators
were assumed equally efficient (R, = I), but the elements were

- scaled by (1/No. of actuators) to reflect saturation of the

controllers. This scaling was chosen to produce a result which
is proportional to the number of actuators of equal effective-
ness. For example, two actuators at the same location have a
degree of controllability twice that of a single actuator at that
position,

“The effect of actuator locatlon on the degree of controllabil-
ity of a three-mode representation of a uniform free—free
beam is shown in Fig, 3. This figure is a plot of DC as a
function of the location of a single force actuator along the
length of the beam. As an aid to interpretation of these
results, the mode shapes for the three simulated modes are
given in Fig. 4. No failures are considered. As one would
expect, DC is zero at each node of the three modes because,
with just one actuator, one mode is uncontrollable in those
cases—and the uncontrollability of any mode is reflected in a
zero DC. The degree of controllability rises to intermediate
peaks between the nodal points and has its maximum at the
ends of the beam where the modal deflections of all three
modes are greatest. For this system, then, it is clear that the
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Fig. 5 Degree of observability for a free~free beam.

Table 1. Optimal degrees of controllability and locations for

varying actuator number
Location® Degree of controllability
Actuator
No. No fail Fail No fail Fail’
1 ' 1 1 0.1609 0.1017
2 11,1 5,1 - 0.2791 0.1657
3 5,11,1 10,5,1 0.3856 0.2305
4 6,5,11,1 6,11,5,1 0.4879 - 0.2980

2Location number refers to test position from the end of the beam
(actuators were restricted to one side of beam only).

500
—— P(FAIL < Tm) =.00
—= P(FAIL <Tp) =.63

2 3
NO. OF ACTUATORS

Fig. 6 Optimal degree of conﬁollability vs number of actuators for
three-mode simulation. .

end of the beam is the optimum location for one actuator no
matter how many are used.

' The corresponding results for the degree of observability are
quite simjlar as one would expect. Figure 5 shows DO as a
function of the location of a translation rate sensor along the
beam which is again represented by the dynamics of its first
three flexible modes. The amplitude rate states were scaled by
the factor w; relative to the amplitude states where w; is the
corresponding .modal frequency. The sensors were assumed
equally noisy (N =I).

Optimum actuator locations for this system were found for
1, 2, 3, and 4 actuators with and without component failures
considered. As one might expect, it will usually be true that
the ‘best places to locate control system components are the
saie with and without consideration of possible component
failures. But as this example illustrates, this is not always the
case. Permissible actuator locations were restricted to the 11
discrete locations indicated in Fig. 4. Only half of the beam
was searched for favorable locations because of the symmetry
of all the modes. The component mean time to failure was
taken equal to the mission time, so the probability that any
one actuator fails before the end of the mission is 0.63, and
the average probability of any one actuator failure over the
mission period is 0.37. All calculations were performed with a
computer program given in Ref. 6.
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The detailed results are given in Table 1. For a single
actuator, the optimal location with and without consideration
of failures is in position 1 at the end of the beam as was
anticipated above. For the case of two actuators, positions 1
and 11 (end and center) are best for no failures and positions
1 and 5 are optimal when failures are considered. The reason
for this difference can be seen by examining Fig. 3 which
illustrates degree of controllability vs actuator position for a
single actuator along the three-mode beam. The DC at the
center of the beam (11) is zero because that is the location of a
node of the second mode. However, the center is also an
antinode of the first and third modes (see Fig. 4), so that as
long as some control is maintained over the second mode by
another actuator, the center is an ¢xcellent location for a
secondary actuator. Thus positions 11 and 1 are optimal
locations for two actuators and positions 5, 11, 1 are optimal
for three. But once the possibility of an actuator failure is
introduced, the penalty for losing an actuator at 1 or 5 and
being left with only the one at 11, which leaves the second
mode uncontrollable, weighs heavily into the average DC
shifting the optimal location away from the center.

Finally, the effect of the number of actuators on the degree
of controllability of the three-mode representation of the
beam is shown in Fig. 6 both with and without failures
considered. This is a plot of DC data appearing in Table 1;
cach value is the degree of controllability resulting from
optimal placement of the corresponding number of actuators.
Both curves are seen to be essentially linear over the range of
actuator numbers shown. The reason for this is clear when one
notes the DC as a function of the location of a single actuator

- shown in Fig. 3; after locating the first actuator in position 1,

there are several possible positions for the next few actuators
which have almost equal effectiveness. If Fig. 6 were to be
extended to larger numbers of actuators, it would show the
expected diminishing returns as the more favorable positions

become occupied.

Conclusions

A methodology has been presented which is intended to
assist the designer of a control system for a large space
structure to decide.how many sensors and actuators should be
incorporated in the system and where they should be placed
on the structure. This approach is intended to be especially
useful in the early stages of the evolution of the system, before
a complete control system concept has been defined. This
methodology uses quantitative measures of the controllability
and observability of the system for given sets of actuators and
sensors. The effect of possible component failures during the
mission period was incorporated in the measures. The ques-
tion of actuator and sensor placement is then resolved by
finding the locations which maximize these performance mea-
sures. The number of components to use cannot be determined
by optimizing these measures because the controllability and
observability always improve with increased number of com-
ponents if they are optimally located. However, the degree of
the improvement in these measures with component number
can be determined, and this information can be used along
with data on cost, power required, etc., to decide how many
components to use.

These procedures were illustrated for the case of control of
a uniform free—free beam. Optimal actuator locations were
found and the variation of maximum degree of controllability
with number of actuators was determined for up to four
actuators. Cases were shown in which the recognition of
possible actuator failures resulted in significantly different
optimum actuator locations than without consideration of
failures. The results are intuitively clear when dealing with a
simple beam, but it is hoped that this methodology will be
useful in more realistically complicated design situations by
providing a rational quantitative basis for addressing the
questions of control system actuator and sensor number and
placement.
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